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Turbulence in a free surface
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We report an experimental and numerical study of turbulent fluid motion in a free surface. The flow is
realized experimentally on the surface of a tank filled with water stirred by a vertically oscillating grid
positioned well below the surface. The effect of surface waves appears to be negligible so that the flow can
numerically be realized with a flat surface and stress-free boundary conditions. The surface flow is unconven-
tional in that it is not incompressible and neither energy nor enstrophy are conserved. Nevertheless, according
to both experiment and numerical simulation, the second order structure functionS2(R) scales essentially as
for a three-dimensional system. However, the surface flow seems to be more intermittent.
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Statistically stationary turbulence is readily produced in
tank of water by vertically oscillating a grid below the wat
surface. The properties of this three-dimensional volume
bulence have been studied extensively@1#. Particles floating
on the free surface are driven by the horizontal componen
the turbulent flow below. While this is a classic proble
generally studied in an oceanographic context where
‘‘particles’’ are micro-organisms, such as phytoplankton@2#,
or Lagrangian drifters@3,4#, controlled laboratory measure
ments of the relative velocity of floating particles do n
appear to exist, despite a very large number of oscillat
grid experiments which probe the fluid flow in the bulk a
even near the surface@1#. Such surface flows also seem
have received little attention by those interested in the f
damental aspects of two- or three-dimensional turbule
@5,6#. Our experimental and theoretical results demonst
that these two-dimensional surface flows have unusual p
erties that make them interesting in connection with sca
transport. The work opens the possibility of studying cert
aspects of passive scalar dynamics in divergent flows bey
the ones used for the Kraichnan model which are Gaus
and white in time@7#. Their properties are also needed for
hydrodynamic modeling of the distribution of flotsam drive
by underlying turbulence or chaos@8#. Our study is also re-
lated to recent work on quasi-two-dimensional turbulen
which is probed by tracking the motion of floating particl
@9#. The surface flows being comprised of particles co
strained to the surface in both the experimental and num
cal work, are qualitatively different from the motion of th
driving fluid.

Although the fluid is incompressible, the inability of th
floaters to enter the bulk flow assures that they will hav
nonzero two-dimensional divergence. The compressibility
the floating particles causes them to clump, an effect see
the numerical and experimental realizations. The main
ferences between their motion and that of the underly
fluid comes from the possibility that the floaters can e
change kinetic energy and enstrophy with the water m
ecules below. Hence, the energy and enstrophy of the floa
still would not be constants of the motion, even if the und
lying fluid were invisid and undriven@10#. With the above
conservation laws absent, one lacks the traditional dim
1063-651X/2001/63~6!/065303~4!/$20.00 63 0653
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sional arguments to estimate the scaling forms of the velo
and vorticity structure functions,S2(R) and Sv(R). The
structure functions are the main focus of our analysis and
defined as

S2~R!5^$@v~x1R!2v~x!#•R/R%2& ~1!

and

Sv~R!5^@v~x1R!2v~x!#2&, ~2!

where R is the separation between two points and bothx
5$x,y% and R are in a horizontal plane. The vorticity, o
magnitudev(x,y), is perpendicular to that plane. A thir
quantity characterizing the surface flow is the dimensionl
compressiblity coefficientC, defined as

C5^~“•v!2&/^~¹v!2&, ~3!

which lies between 0 and 1 if the turbulence is isotropic@7#.
As usual,^•••& denotes an ensemble average.

The measurements were made in a square Plexiglas
filled with water to a height that was varied. The bars of t
grid were ~PVC! and were square in cross section with d
mensions of 1 cm. The grid is also square and confor
closely with the square shape of the Plexiglas box. To m
mize flexing of the grid when it is oscillating, a number
the PVC bars are replaced by brass bars. For some of
measurements, a vertical post was placed at the center o
square grid to further suppress flexing, thereby reducing
amplitude of the surface waves. The apertures of the grid
also square, their dimensions beingL53.66 cm. The grid is
supported by four vertical rods which run through pillo
blocks, assuring its smooth vertical motion. All the para
eters used in our setup were typical of prior oscillating g
experiments@1#, except that the lateral dimensions of th
tank were somewhat larger.The grid is driven sinusoida
from above by a 1/4 hp motor. The vertical amplitude of g
motion wasA51.25 cm. Whereas these parameters w
varied by only a small amount, the distanceZ between the
grid and the water surface~at z050) was rather widely var-
ied. ReducingZ increases the Reynolds number of the turb
lence on the surface and in the bulk close to the surf
©2001 The American Physical Society03-1
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(z0.0). For all the measurements presented here, the o
lation frequencyf of the grid was 4.5 Hz60.3 Hz.

The flow was measured using the technique of part
imaging velocimetry~PIV!. There one illuminates the see
particles with a~horizontal! sheet of laser light and track
their motion photographically. A charge-coupled-devi
~CCD! camera was centered at a distance that was 23
from the nearest wall. It was mounted above the tank wh
we could capture images of the surface particles or thos
the interior. The particle illumination was furnished by
neodymium-doped yttrium aluminum garnet~Nd-YAG! la-
ser, with the beam spread into a horizontal sheet by a cy
drical lens. This sheet of light was typically 10 cm wide a
0.5 cm thick. The floaters were particles of various diame
ranging from 10 to 50mm. The interior measurements we
made using neutrally buoyant polystyrene spheres of di
eter 10 mm. The images were acquired using a commerc
particle imaging velocimetry apparatus@11#, and the particle
tracking was done using in-house software. To form a sta
tically reliable ensemble average, each measuremen
S2(R) lasted several minutes and included;200 image
pairs. EachS2(R) was determined from roughly a million
particle pairs.

The surface and bulk turbulence are characterized by
outer scale of the turbulencel 0 and the Taylor microscalel.
The outer scale is defined as the integral of the normali
velocity autocorrelation function C(R)5^v(x
1R)v(x)&/v rms

2 , where the brackets indicate an avera
over points x,y and over many images. Herev rms

2

[^@v i(x,y)2^v i(x,y)&#2& where i is one of the two arbi-
trarily chosen directions in the horizontal plane. Separate
periments established that the turbulence is almost isotr
in the horizontal plane~see below!. The Taylor microscale is
defined here asl5A(v rms

2 )/^@dv(x)/dx#2&. The Taylor mi-
croscale Reynolds number is Rel5v rmsl/n, wheren is the
kinematic viscosity~in water n50.01 cm2/s). The surface
motion is further characterized by the vertical componen
the vorticity v and by the dimensionless compressibility c
efficient C @see Eq.~3!#.

Figure 1 is a log-log plot ofS2(R) in the surface mea
sured forZ518.2 cm ~closed circles! and for Z58.2 cm
~open circles!. The grid oscillation frequency for the two se
of measurements are indicated. The outer scale of the tu
lence l 0 at Z518.2 and 8.2 cm are 1.5 and 3.6 cm, resp
tively. The Taylor microscale Reynolds numbers Rel are 80
(Z58.2 cm) and 50 (Z518.2 cm). Technical limitations
blocked measurement ofS2 at R less than 1 mm. The mea
surements in Fig. 1 suggest thatS2(R) is approaching its
saturation value 2v rms

2 at largeR. The more interesting cas
is S2 at smallerR, where one finds thatS2(R)}Rz, with z
51.6 and 1.4 atZ58.2 and 18.2 cm, respectively. The di
sipative range at even smallerR, whereS2(R)→R2, was not
accessible in the laboratory experiment@5#. For these, and
the other surface measurements, the dimensionless c
pressibility C defined above, was 0.560.1. Reynolds num-
bers in the experiment and the simulation are too smal
develop a significant interval with algebraic scaling inS2(R)
between the dissipative,S2(R)}R2, and the saturation rang
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R. l 0, where S2(R)}R0. Therefore, the extended sel
similarity ~ESS! representation is used@12# and a local scal-
ing exponentD2,3(R)5d logeS2(R)/d logeG3(R) for all R in
the interval 0.1 cm,R,7 cm is found to give 0.7060.10
~see upper panel of Fig. 2!. For the ESS plots, the third orde
structure function G3(R)5^u@v(x1R)2v(x)#•R/Ru3& is
needed.

Since the surface is entirely driven by the grid-genera
turbulence in the water, it is important to measureS2(R)
below the surface. We have made such measurements a
tancesz0 in the range 0.5 to 2 cm and for various grid-t
surface distancesZ. At Z 9.6 cm, z052.0 cm, the second
moment is very well fitted to a power law form in the inte
val 0.1 cm,R,4 cm. In this intervalz50.960.2, which
is somewhat larger than the Kolmogorov value of 2/3@5#.
Other relevant parameters for this bulk measurement
Rel5100 and l 053.1 cm. The corresponding paramete
measured on the surface are Rel540 andl 053.5 cm. At all
values ofR, the bulk value of the second moment is rough
an order of magnitude larger thanS2(R) measured at the
surface. A dimensional argument suggests the crossove
tween bulk and surface behavior should take place at a d
dz below the surface given bydz.n/ ṽ, whereṽ is the bulk
rms value ofvz . This givesdz.0.1 mm. The numerica
studies@13# indicate that the prefactor in this dimension
estimate can be as large as 10, makingdz.1 mm, which is
still too close to the surface for us to measure.

We consider the possibility that the surface velocity flu
tuations originate from gravity and capillary waves genera
by the 4.4 Hz oscillation frequency of the grid. Even thou
the amplitude of the surface waves was rather smallA

FIG. 1. Log-log plot of the second moment of the~longitudinal!
velocity difference at the indicated distances~Z! between the sur-
face and the oscillating grid. The oscillating frequency of the g
and the surface-to-grid distances,Z, are indicated. Other paramete
are Z58.2 cm: Rel580,l 053.6 cm,v rms51.27 cm/s; Z518.2
cm: Rel550,l 051.5 cm,v rms50.7 cm/s. For both sets of measur
ments,C50.560.1.
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.0.5 mm) it is comparable to the thickness of the bound
layer near the surface. The appropriate wave turbule
theory treats the nonlinear coupling of surface modesV(k)
of different wave numbersk @14#. This theory is of Hamil-
tonian form, which requires that the~2D! velocity field in the
theory is obtained from a velocity potential, so that the v
ticity of the surface particles is zero. Measurements of
~vertically directed! vorticity of the surface particles show
that it is quite large. Figure 3 is a log-log plot of the seco
moment of the surface vorticity fluctuations,Sv(R), for a
grid-to-surface distanceZ58.5 cm. This function saturate
at a rather small value ofR and approaches the limiting valu
2^v2&. A dimensionless measure~Q! of the surface vorticity
is Sv(R)R2/S2(R). At R equal to the outer scale of the tu
bulence,l 0.3 cm,Q.1, which suggests that it is probab
too large to satisfy the zero-vorticity requirement of wa
turbulence theory, even though this theory successfully
counts for the motion of particles floating on a container
vertically oscillating fluid where capillary waves are excit
@15,16#.

The experimental observations are, however, in go
agreement with a model for turbulence in a flat surfa
bounding a three-dimensional volume with fully develop
turbulence governed by the incompressible Navier-Sto
equation@13#. This fluid is in a computational box with pe
riodic boundary conditions applied to the lateral edges
with the fluid particles on the upper and lower surfaces ob
ing free-slip boundary conditions, withvz5]zvx5]zvy50.
The equations were solved by means of a pseudospe

FIG. 2. Local scaling exponent,D2,3(R), of an extended self-
similarity plot of second order moment vs absolute third order m
ment. Upper panel: The parameters for this experiment are the s
as in Fig. 1 atZ518.2 cm. Lower panel: A comparison ofD2,3(R)
in the bulk atz050.5 ~triangles! with that on the two surfaces a
z050 and 1~diamonds!. Data were taken from a numerical simu
lation at Rel.100. Dashed lines in both panels are drawn
D2,3(R)50.73 and 0.71, respectively.
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method with resolutionNx3Ny3Nz of 2563256365. A
statistically steady state of the turbulent flow was achiev
by forcing in a wave number range comparable to the inve
of the box height~for more details, see Ref.@17#!. Here
Rel.100.

The local ESS scaling exponentD2,3(R) lies in the range
between 0.67 and 0.74 in the interval 5,R/h,100 with the
Kolmogorov lengthh5(n3/e)1/4 ~lower panel of Fig. 2!.
This result is in good agreement with the experimental d
also shown in Fig. 2~upper panel!. The simulation results
show a plateau between 18h and 41h for the local scaling

FIG. 4. Deviations of the local extended self-similarity~ESS!
slope from the classical Kolmogorov scaling for different heightsz0

of the averaging plane and for different ordersn52 to n56. All
data points are calculated from 23114 statistically independen
samples at Rel.100 and by averagingDn,3(R,z0) for scalesR
between 18h and 41h.
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FIG. 3. Second moment of vorticity differences for the floati
particles, atZ59.6 cm. Heref 54.7 Hz, Rel535, l 051.7 cm,
and v rms50.67 cm/s. AgainC.0.5. Inset: Model calculation of
Sv(R) at the free-slip surfaces, with Rel.100. HereC50.5.
3-3
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exponents in both cases, at the surface and in the bulk
termittency corrections in the surface seem to be stron
than in the bulk. In Fig. 4, a systematic investigation of the
deviations from the classical Kolmogorov scaling with r
spect toz0, the vertical position of the horizontal plane o
averaging is presented. Our results indicate increasing de
tions toward the free surface. The two-dimensional surf
compressibilityC in the calculation is 0.5, in excellent agre
ment to the laboratory-measured value of 0.560.1. This
value ofC is expected for isotropic turbulence.

The above model was also applied to the calculation
Sv(R), and the results are presented in the inset of Fig
Both the calculated and measuredSv(R) are qualitatively
similar and show that this function rises rapidly with increa
ing R in these log-log plots and reaches its saturation va
2^v2& at a rather small value ofR.

In summary, we have described a laboratory experim
and a model calculation for particles that float on a sea
three-dimensional turbulence. Even though the surface
ticles move in a plane, there appears to be no basis for
scribing the floating particle system in terms of the laws
two-dimensional turbulence or of turbulent surface wav
ri
o
a

-
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Important characteristics of the floating particle system
its large compressibility, large vorticity, and the absence
conservation laws for energy and enstrophy. The meas
ments and calculations presented here indicate the exist
of an inertial range whereS2(R) scales asRz, with z quite
close to 2/3, as in 3D flows and in the inverse cascade of
turbulence.
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